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The influence of decoherence on the fidelity of quantum memories for photonic qubits based on
dark-state polaritons in atomic ensembles is discussed. It is shown that despite the large entan-
glement of the collective storage states corresponding to single photons or nonclassical states of
light the sensitivity to decoherence does not scale with the number of atoms. This is due to the
existence of equivalence classes of storage states corresponding to states with the same number of
dark-state polariton excitations but arbitrary excitations in other polariton modes. Several decoher-
ence processes are discussed in detail: single-atom spin-flips and dephasing, atom loss and motion
of atoms.
PACS numbers: 42.50.Gy, 42.65.Tg, 03.67.-a
I. INTRODUCTION
One of the essential ingredients for quantum infor-
mation processing with photons as information carrier
[1, 2] is a reliable quantum memory capable of a faith-
ful storage of the quantum state of photons. They play
a key role in network quantum computing [3], in long-
distance, secure quantum communication and quantum
teleportation [4, 5, 6, 7, 8]. The application to telepor-
tation is of particular interest because of its potentials
for quantum information processing with linear optical
elements [9, 10]. While photons are one of the most
easy to handle information carriers, atoms or similar
systems like quantum dots are reliable and long lived
storage units. Furthermore Raman transitions provide
a controllable and decoherence insensitive way of cou-
pling between light and atoms. The conceptually sim-
plest and for processing purposes best suited storage sys-
tem for photonic qubits are individual atoms. Here co-
herent transfer techniques have been developed that al-
low a controlled transfer of quantum information from
light to the atom and vice versa [3]. However cavity
QED settings in the strong-coupling regime are required
to achieve reasonable fidelities for the state transfer [11].
On the other hand if atomic ensembles are used rather
than individual atoms no such requirements exists and
coherent and reversible transfer techniques for individual
photon wavepackets [12, 13, 14, 15, 16, 17, 18] and cw
light fields [19, 20, 21, 22] have been proposed and in
part experimentally implemented.
The substantially alleviated requirements for the light-
matter interface in the case of atomic ensembles are due
to the enhanced coupling between collective many-atom
states and the radiation field. The corresponding col-
lective excitations of the ensemble are highly entangled
many-particle states if nonclassical states of light are
stored. So while classical information encoded, e.g. in
single-particle Raman coherences, can be rather robust
against decoherence processes this is not a priori clear
for quantum correlations stored in the ensemble. In fact
one might naivly expect that the livetime of quantum cor-
relations decreases with the number of atoms involved in
the storage state in which case the system would be prac-
tically useless as a quantum memory. We therefore ana-
lyze in the present paper the influence of various decoher-
ence mechanisms on the fidelity of the quantum memory.
We show that each quantum state of the radiation field
stored in the atomic ensemble corresponds to a whole
class of many-particle states. It is due to the existence
of these equivalence classes, which represent all states
with the same number of excitations in specific quasi-
particle modes, the dark-state polariton, and arbitrary
excitations in other modes, that the quantum memory
does not show an enhanced sensitivity to decoherence as
compared to single-particle storage units.
In order to simplify the discussion we will here restrict
ourselves to a quantum memory for a single-mode radi-
ation field, realized for example in a weak-coupling res-
onator [13]. In doing so we do not need to take into ac-
count decoherence effects on the longitudinal profile of a
stored pulse arizing from atomic motion, which are how-
ever important in free-space configurations [14, 23]. First
we reexamine the adiabatic transfer scheme of [13, 14]
for quantum states of photon wavepackets to atomic
ensembles in terms of quasi-particles (dark- and bright
polaritons) in Sect. II. We will show that only specific
quasi-particle modes are relevant for the storage in the
adiabatic limit. In Sec. III we will discuss the effect
of different decoherence mechanisms, individual random
spin flips, dephasing of Raman coherences, loss of atoms,
atomic motion and imperfect preparation. It will be
shown that the decoherence rate of the stored quantum
state does not depend on the number of atoms in all of
these cases. This is because excitations of any quasi-
particle mode other than the relevant dark-polariton
mode do not matter in the adiabatic limit. They do mat-
ter, however, if non-adiabatic couplings are taken into ac-
count. We will therefore discuss the effect of decoherence
in the presence of non-adiabatic couplings in Sec. VI.
2II. DARK- AND BRIGHT-POLARITONS,
EQUIVALENCE CLASSES OF STORAGE STATES
Let us consider an ensemble ofN 3-level atoms with in-
ternal states |a〉, |b〉 and |c〉 resonantly coupled to a single
quantized mode of a resonator field with mode function
eik0z and a classical control field of Rabi-frequency Ω and
mode function eik1·r as shown in Fig. 1. The dynamics of
this system is described by a non-hermitian Hamiltonian
(Eb = ~ωb = 0):
H = ~ωa†a+ ~(ωa − iγ)
N∑
j=1
σjaa + ~ωc
N∑
j=1
σjcc + (1)
+~g
N∑
j=1
aσjab e
ik0zj + ~Ω(t)e−iνt
N∑
j=1
eik1·rjσiac + h.c..
Here σjµν = |µ〉jj〈ν| is the flip operator of the ith atom
and the vacuum Rabi-frequency is assumed to be equal
for all atoms. For the time being we disregard atomic
motion and thus the phase factors eik0zj as well as eik1·rj
will be absorbed into the definition of the atomic states
|a〉j and |c〉j . We will however come back to the issue of
atomic motion in section III. We also have introduced an
imaginary part to the Hamiltonian to take into account
losses from the excited state, e.g. via spontaneous emis-
sion. The complex Hamiltonian emerges from a Lindblad
Liouville operator that includes the decay from the ex-
cited state to other internal states of the atoms after pro-
jection onto the subspace {|a〉, |b〉, |c〉}. The model does
not take into account relaxation from the excited state
back into the lower levels. Spontaneous emission into the
resonator mode accompanied by a transition from |a〉 to
|b〉 is of course automatically included in the model.
a
b c
Ωg (t)
FIG. 1: 3-level atoms coupled to single quantized resonator
mode and classical control field of (real) Rabi-frequency Ω(t);
g-vacuum Rabi-frequency; the dashed line indicates sponta-
neous decay.
When all atoms are initially prepared in level |b〉 the
only states coupled by the interaction are the totally sym-
metric Dicke-states [27] (after absorption of the spatial
phase factors into the definition of the states)
|b〉N = |b1, b2 . . . bN 〉, (2)
|a1〉N = 1√
N
N∑
j=1
|b1 . . . aj . . . bN 〉, (3)
|c1〉N = 1√
N
N∑
j=1
|b1 . . . cj . . . bN 〉, (4)
|c2〉N =
(
N
2
)−1/2 N∑
i<j=1
|b1..ci..cj ..bN〉, (5)
etc..
The couplings within the sub-systems corresponding to a
single and a double excitation are shown in Fig. 2. The
set of collective states can be separated into groups with
a specific excitation number n and atom number N . Due
to the symmetry of the interaction there is no coupling
between classes with different excitation. Decay out of
the excited state and therefore out of the relevant sub-
system couples only classes with different atom number.
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FIG. 2: Coupling of bare eigenstates of atom plus cavity
system for at most two photons.
In the following we will restrict ourselves to two-photon
resonance, i.e. ω = ωa−ωc−ν. Furthermore for simplic-
ity single-photon resonance is assumed as well. This is
sufficient since here we are not interested in the fidelity
of the transfer process itself. The influence of a finite
two-photon detuning on the transfer process is discussed
in detail in [28]. In the case of two-photon resonance,
the interaction of the N -atom system with the quantized
radiation mode has a family of dark-states, i.e. adia-
batic eigenstates with vansihing component of the excited
states |a〉j
|D,n〉N =
n∑
k=0
ξnk(− sin θ)k(cos θ)n−k|ck, n− k〉N ,
ξnk ≡
√
n!
k!(n− k)! , tan θ(t) ≡
g
√
N
Ω(t)
. (6)
It should be noted that although the dark states |D,n〉N
are degenerate, there is no transition between them even
if non-adiabatic corrections are taken into account due to
the symmetry of the interaction Hamiltonian. Adiabati-
cally rotating the mixing angle θ from 0 to π/2 leads to
3a complete and reversible transfer of all photonic states
to a collective atomic excitation if the maximum number
of photons n is less than the number of atoms N . If the
initial quantum state of the single-mode light field is de-
scribed by the density matrix ρˆf =
∑
n,m ρnm |n〉〈m|, the
transfer process generates a quantum state of collective
excitations according to∑
n,m ρnm |n〉〈m| ⊗ |b〉N N 〈b|
↓∑
n,m ρnm |D,n〉N N 〈D,m| (7)
↓
|0〉〈0| ⊗∑n,m ρnm |cn〉N N 〈cm| .
The dark states of the N -atom system can be identified
as quasi-particle excitations of the so-called dark-state
polaritons Ψ in the space of atoms and cavity mode [14]
|D,n〉N = 1√
n!
(
Ψ†
)n
|b, 0〉N , (8)
where |b〉 is the total ground state of the N atom system
and |0〉 the vacuum state of the cavity mode. The dark-
state polariton defined as
Ψ = cos θ(t) a− sin θ(t) 1√
N
N∑
j=1
σjbc, (9)
is a superposition of the resonator mode and the col-
lective spin corresponding to the ground-state transition
|b〉 ↔ |c〉. Associated with the dark polariton is a bright
polariton
Φ0 = sin θ(t) a+ cos θ(t)
1√
N
N∑
j=1
σjbc. (10)
To obtain a complete set of operators in the space of the
cavity mode and the N atoms in internal states |b〉 and
|c〉 we also need to introduce the operators
Φl =
1√
N
N∑
j=1
σjbc exp
{
2πi
lj
N
}
, l = 1 . . .N − 1, (11)
together with the hermitian adjoints Ψ† and Φ†l . We will
also refer to the Φl’s as bright polaritons. In the limit
of small atomic excitations the polariton operators obey
approximately bosonic commutation relations
[Ψ,Ψ†] = cos2 θ + sin2 θ
1
N
N∑
j=1
(
σjbb − σjcc
)
= 1+O
(nc
N
)
, (12)
[Φ0,Φ
†
0] = sin
2 θ + cos2 θ
1
N
N∑
j=1
(
σjbb − σjcc
)
= 1 +O
(nc
N
)
, (13)
[Φl,Φ
†
m] = δlm
1
N
N∑
j=1
(
σjbb − σjcc
)
= δlm +O
(nc
N
)
, (14)
where nc = 〈
∑
j σ
j
cc〉 ≪ N is the total population in
level |c〉. Polariton operators of different type commute
in lowest order of nc/N :
[Φi,Ψ
(†)] = O
(nc
N
)
. (15)
It should be noted that the dark and bright polariton op-
erators are explicitely time dependent throught the mix-
ing angle θ(t).
The collective storage state corresponding to a coher-
ent state of light factorizes as can be seen quite easily
e|α|
2/2 |b, α〉N = eαa† |b, 0〉N
↓
eαΨ
† |b, 0〉N (16)
↓
exp
{
− α√
N
∑
j σ
j
cb
}
|b, 0〉N =
∏
j
(
1− ασ
j
cb√
N
)
|b, 0〉N .
On the other hand, storage states corresponding to non-
classical states of light such as Fock states are maximally
entangled N particle states |cn〉N as can be seen from
eq.(4),(5). These states are known to be rather sensitive
to decoherence processes. For example if for an initial
state |c1〉N the atom number one undergoes a transition
from level |b〉 to an auxiliary state, say |d〉, the resulting
state is almost orthogonal to the original one
|c1, b2 . . . bN 〉+ |b1, c2 . . . bN〉+ · · · |b1, b2 . . . cN 〉
↓ (17)
|c1, b2 . . . bN 〉+ |d1, c2 . . . bN〉+ · · · |d1, b2 . . . cN 〉 .
If p denotes the probability of one atom to undergo a
transition from |b〉 to |d〉 due to environmental interac-
tions, the total probability Perror to end up in an orthog-
onal state scales as Perror ∼ 1 − (1 − p)N ∼ pN . Thus
one might naively expect that for the storage of a single
photon the collective quantum memory will have an N
times enhanced sensitivity to decoherence as compared
to a single-atom device. We will now show that this con-
clusion is generally not correct.
From the inverse relation
a = cos θ(t)Ψ + sin θ(t)Φ0 (18)
one recognizes that for the resonator mode only excita-
tions of the dark polariton Ψ and the bright polariton
Φ0 matter. Furthermore if after the storage of photon
states in the atomic system the electromagnetic excita-
tions are regenerated by rotating θ back from π/2 to 0,
only excitations in the dark polariton mode are relevant.
4I.e. if W denotes the total density operator of the com-
bined atom-cavity system after the writing process, only
the reduced density operator
ρ = TrΦ
{
W
}
(19)
is relevant for the storage. Here TrΦ denotes the partial
trace over all bright-polariton excitations. For this reason
all states of the total system that have the same number
of dark-polariton excitations but an arbitrary number of
excitations in any bright-polariton mode are equivalent
from the point of view of storage. I.e. there exist equiv-
alence classes of storage states of the form
|D,n〉N ,
{(
Φ†i
)k (
Φ†j
)l
. . .
(
Ψ†
)n |b, 0〉N}. (20)
It is important to note that any perturbation that acts
only onto bright polariton modes does also not destroy
superpositions of storage states, since [Φl,Ψ] = 0:
Φ†l
∑
n
αn|D,n〉N = Φ†l
∑
n
αn√
n!
(
Ψ†
)n |b, 0〉N
=
∑
n
αn√
n!
(
Ψ†
)n {
Φ†l |b, 0〉N
}
. (21)
Likewise all dark states with the same number of exci-
tations n but with different number of atoms N ≫ n
are equivalent because in the adiabatic read-out process
all dark-polariton operators corresponding to different N
have the same asymptotic mapping Ψ → a for θ → 0.
This will be important later on when discussing the ef-
fect of atom losses from the system
|D,n〉N , |D,n〉N ′ , if N,N ′ ≫ n. (22)
The importance of the equivalence classes stems from
the fact that unwanted interactions with the environ-
ment which lead only to transitions within the equiva-
lence classes and that do not destroy the relative phase
between them do not affect the fidelity of the quantum
memory.
We can now express the complex Hamiltonian (1) in
terms of bright and dark polariton operators after adi-
abatically eliminating the excited state |a〉. Separating
the oscillatory factor e−iνt by a canonical transformation
and assuming two photon resonance, i.e. ω = ωc + ν we
arrive at
H = ~ω
(
Ψ†Ψ+
N−1∑
l=0
Φ†lΦl
)
− i~Ω
2(t)
γ
N−1∑
l=1
Φ†lΦl (23)
= ~ω
(
Ψ†Ψ+
N−1∑
l=0
Φ†lΦl
)
− i~g
2N
γ
cot2 θ(t)
N−1∑
l=1
Φ†lΦl.
We here see two important points. First of all the
adiabatic dynamics does not couple different polariton
modes. Secondly all bright polariton excitations Φl,
l = 1, 2, . . . , N − 1 decay by optical pumping, i.e. by ex-
citation to the excited state and successive spontaneous
emission if θ 6= π/2, while the dark polaritons Ψ as well
as the bright polaritons Φ0 are immune to spontaneous
emission. Since the non-hermitian Hamiltonian is ex-
pressed in terms of explicitly time dependent variables it
describes the dynamics only in the adiabatic limit [17]
g
√
N T ≫ 1, (24)
where T is a characteristic time of changes. If non-
adiabatic corrections are taken into account, dark and
bright polariton modes are coupled with a rate propor-
tional to θ˙.
III. INFLUENCE OF DECOHERENCE ON
STORAGE FIDELITY
A. Imperfect preparation
In the description of the storage process given in the
last section we had assumed that every atom in the en-
semble was prepared in the ground state |b〉. If the ensem-
ble is large enough the propbability to find an atom e.g.
in state |c〉 will however be non-negligible, e.g. due to the
interaction with a finite temperature reservoir. Naively
one might expect that any atom left in state |c〉 after
preparation of the ensemble would mimic a stored pho-
ton. This would require to make the initial probability to
find an atom in state |c〉 small compared to 1/N , which is
however not the case. It is rather sufficient that the initial
probability of excitation of a dark-state polariton is small
compared to unity. If we consider e.g. as initial state a
thermal state of temperature β = 1/kBT (θ = π/2)
ρ0 =
1
Z
exp
{
−β~ωc
(
Ψˆ†Ψˆ +
N−1∑
l=1
Φˆ†lΦl
)}
(25)
with Z being the statistical sum, the mean number of
initially excited dark-state polaritons is independent on
N and given by
〈Ψˆ†Ψˆ〉 = e
−β~ωc
1− e−β~ωc =
1
N
N∑
i=1
〈
σjcc
〉
(26)
Thus if the probability that an atom is initially in level
|c〉 is small compared to unity, the number of initial dark-
polariton excitations is small compared to unity as well.
B. Random spin flips and dephasing
On the level on individual atoms the storage occurs
within the two-state system consisting of |b〉 and |c〉. If
we assume that all other atomic states including |a〉 are
energetically much higher, we may safely neglect deco-
herence processes involving the excitation of those states.
5Then decoherence caused by individual and independent
reservoir interactions can be described by the action of
the two-level Pauli operators
Xj = σ
j
bc + σ
j
cb, Zj =
[
σjbc, σ
j
cb
]
, Yj = iσ
j
bc − iσjcb.(27)
Xj describes a symmetric spin flip of the jth atom, Zj
a phase flip, and Yj a combination of both. Any single-
atom error can be expressed in terms of these and we
will restrict the discussion here to the action of Xj (sym-
metric spin flip), Xj + iYj (asymmetric spin flip) and Zj
(phase flip).
Inverting relations (9), (10), and (11) one easily finds
a representation of σjcb in terms of polaritons
σjcb =
1√
N
(
N−1∑
l=1
exp
{
−2πi lj
N
}
Φ†l −Ψ†
)
=
1√
N
(
N−1∑
l=1
ηjl Φ
†
l −Ψ†
)
=
Xj + iYj
2
. (28)
Here and in the following θ = π/2 is assumed, unless
stated otherwise, which corresponds to the case of a com-
pleted transfer from the radiation field to the ensemble.
Furthermore
Xj =
1√
N
[
N−1∑
l=1
(
ηjlΦ
†
l + η
∗
jlΦl
)
−Ψ−Ψ†
]
. (29)
and
Zj =
1
N
[
N−1∑
l=1
η∗jlΦl −Ψ,
N−1∑
m=1
ηjmΦ
†
m −Ψ†
]
. (30)
One recognizes at this point that applying the approxi-
mate commutation relations (12-15), which have been ob-
tained with the assumption σjbb ≈ 1 and σjcc ≈ 0, would
here lead to Zj = 1j. Thus care must be taken when
using Zj .
1. Spin flip from |b〉 → |c〉
Consider a quantum memory initially in an ideal stor-
age state W0, i.e. without bright polariton excitations.
Suppose an atom then undergoes a spin flip to the in-
ternal state |c〉 if it is initially in state |b〉. Such a spin
flip process, which could mimic a stored photon, can be
described by the positive map
W0 → W1 = σ
j
cbW0σ
j
bc
Tr{σjcbW0σjbc}
. (31)
As noted in the previous section only the reduced den-
sity operator traced over the bright-polariton modes is of
relevance for the storage process. Carrying out this trace
yields
TrΦ
(
σjcbW0σ
j
bc
)
=
1
N
TrΦ
[
N−1∑
l,m
ηjlΦ
†
lW0η
∗
jmΦm
]
(32)
+
1
N
Ψ†ρ0Ψ− 1
N
TrΦ
[
N−1∑
l
ηjlΦ
†
lW0Ψ+ h.a.
]
.
where ρ0 = Trφ{W0}. If we make use of the fact that the
bright and dark polaritons commute in first order of 1/N
we see that the last term in eq.(32) vanishes since there
are no excitations of bright polaritons in the initial state
W0. For the same reason
TrΦ{ηjlΦ†lW0η∗jmΦm} = ρ0 δlm, (33)
and the first term in (32) evaluates to (1−1/N)ρ0. Thus
we arrive at
TrΦ
(
σjcbW0σ
j
bc
)
=
(
1− 1
N
)
ρ0 +
1
N
Ψ†ρ0Ψ,
and
ρ1 = TrΦ
{
W1
}
=
(
1− 1N
)
ρ0 +
1
NΨ
†ρ0Ψ
1 + 1N 〈Ψ†Ψ〉
. (34)
One recognizes that the spin flip of an individual atom
only causes an error of order 1/N . This exactly compen-
sates for the fact that the total spin-flip probability of
the N atoms is N times the probabiliy of a single atom.
From eq.(34) one can easily calculate the fidelity of the
quantum memory after a single spin flip error, which for
the case of an initial pure state ρ0 = |ψ0〉〈ψ0| is defined
as
f
(
|ψ0〉
)
= 〈ψ0|ρ1|ψ0〉 = Tr{ρ1ρ0}. (35)
One finds e.g. for a stored Fock-state |n〉 with n≪ N
fb→c
(
|n〉
)
=
1− 1N
1− nN
= 1− n+ 1
N
+O
(
1
N2
)
, (36)
while for a coherent state |α〉 holds
fb→c
(
|α〉
)
=
1− 1N + |α|
2
N
1 + |α|
2
N
= 1− 1
N
+O
(
1
N2
)
. (37)
This reflects the general property of non-classical states
to be more sensitive to decoherence than classical ones.
An alternative way of demonstrating that spin-flip er-
rors do not depend on the number of atoms is to consider
the Liouville operator L describing uncorrelated spin flips
with rate Γ
W˙ = LW =
N∑
j=1
LjW, (38)
LjW = −Γ
2
(
σjbcσ
j
cbW +Wσ
j
bcσ
j
cb − 2σjcbWσjbc
)
.(39)
6Substituting expression (28) yields after tracing over the
bright polariton excitations
Lρ = −Γ
2
(
Ψ†Ψρ+ ρΨ†Ψ− 2Ψ†ρΨ) . (40)
One recognizes that the decoherence rate of the reduced
density operator of the ensemble of atoms due to spin
flips is the same as for a single atom.
2. Symmetric spin flip
If instead of the asymmetric spin flip σjcb = Xj + iYj a
symmetric flip happens, eq.(31) attains the form
W0 →W1 = XjW0Xj
Tr{XjW0Xj} . (41)
We here have kept the normalization denominator al-
though Tr{XjW0Xj} = 1 because we want to make use
of the approximate commutation relations between dark
and bright polaritons which hold only to first order in
1/N . Thus both, the numerator and denominator in (41)
have to be expanded in the same way to keep the normal-
ization. Carrying out the trace over the bright polaritons
yields
TrΦ
(
XjW0Xj
)
=
1
N
TrΦ
[
N−1∑
l,m
(
ηjlΦ
†
l + h.a.
)
W0
(
ηjmΦ
†
m + h.a.
)]
+
1
N
(Ψ† +Ψ)ρ0(Ψ† +Ψ) (42)
− 1
N
TrΦ
[
N−1∑
l
(
ηjlΦ
†
l + η
∗
jlΦl
)
W0(Ψ + Ψ
†) + h.a.
]
.
Again the last term in eq.(42) vanishes since there are
no excitations of bright polaritons in the initial state W0
and in the first term only the combination
TrΦ{ηjlΦ†lW0η∗jmΦm} = ρ0δlm (43)
remains and this term evaluates to (1 − 1/N)ρ0. This
yields
TrΦ
(
XjW0Xj
)
=
(
1− 1
N
)
ρ0 (44)
+
1
N
(
Ψ† +Ψ
)
ρ0
(
Ψ† +Ψ
)
,
and we arrive at
ρ1 =
(
1− 1N
)
ρ0 +
1
N (Ψ
† +Ψ)ρ0(Ψ† +Ψ)
1− 1N + 1N
〈
(Ψ† +Ψ)2
〉 , (45)
which is similar to the case of an asymmetric spin-flip,
eq.(34). Once again it is seen that the collective quantum
memory does not have an enhanced sensitivity to spin flip
errors as compared to a single-atom system.
The fidelity of the memory now reads for a stored Fock
and coherent state
fb↔c(|n〉) = 1− 2n+ 1
N
+O
(
1
N2
)
(46)
fb↔c(|α〉) = 1− 1
N
+O
(
1
N2
)
(47)
3. Phase flip
If after the preparation of an ideal storage state an
atom undergoes a phase flip the corresponding positive
map would read
W0 →W1 = ZjW0Zj
Tr {ZjW0Zj} . (48)
This map is however not a good starting point of further
discussions because the approximations used when intro-
ducing bosonic polariton operators lead to Zj ≡ 1j . For
this reason we follow a different approach and calculate
the fidelity of the quantum memory directly. Consider
an ideal storage state initially of the form
|ψ0〉 =
M∑
n=0
cn|D,n〉 =
M∑
n=0
1√
n!
(
Ψ†
)n|b, 0〉 (49)
where M ≪ N . If the kth atom undergoes a phase flip
the state changes according to
|ψ0〉 → |ψ1〉 =
M∑
n=0
cn
1√
n!
(
Ψ˜†
)n|b, 0〉 (50)
where
Ψ˜ ≡ − 1√
N
∑
j 6=k
σjbc − σkbc
 = Ψ+ 2√
N
σkbc. (51)
Using eq.(28) this can be written in the form
Ψ˜ =
(
1− 2
N
)
Ψ+
2
N
N−1∑
l=1
η∗klΦl. (52)
This yields in lowest order of 1/N
Ψ˜n =
(
1− 2n
N
)
Ψn +
2n
N
∑
l
η∗klΦlΨ
n−1 +O
(
1
N2
)
.(53)
Tracing over the bright polariton excitations leads to the
reduced density operator
ρ1 = TrΦ
[
|ψ1〉〈ψ1|
]
(54)
=
M∑
n,m=0
c∗ncm
(
1− 2(n+m)
N
)
|D,n〉〈D,m|
7and eventually to the fidelity
fdeph(|ψ0〉) = 1− 2〈n〉
N
+O
(
1
N2
)
, (55)
where 〈n〉 = 〈Ψ†Ψ〉 is the average number of dark-state
polaritons in the initial state. One recognizes that a
phase flip of a single atom leads to a fidelity reduction
which is of the order of 1/N . The term 1/N again com-
pensates for the fact that in anN -atom ensemble the like-
lyhood that one arbitrary atom undergoes a phase flip is
N times the probability of a phase flip for a single atom.
It is interesting to note that the fidelity only depends on
the average dark-state polariton number. I.e. dephasing
affects in lowest order of 1/N classical and nonclassical
states in a similar way.
C. One-atom losses
Another important source of errors in a collective
quantum memory is the loss of an atom from the ensem-
ble. As discussed in section II all storage states corre-
sponding to the same dark-state excitations in ensembles
of different atom number are equivalent as long as the
atom number is large compared to the relevant number
of stored photons. We now calculate the fidelity of the
quantum memory after loss of one atom. We consider
again an ideal initial storage state
|ψ0〉N =
M∑
n=0
cn|D,n〉N , (56)
where the subscript N denotes the total number of atoms
in the ensemble and M ≪ N . The loss of an atom,
which, without loss of generality, can be taken to be the
Nth atom, can be described by the partial trace over the
degrees of freedom of that atom
W1 = TrN {|ψ0〉〈ψ0|} . (57)
To carry out the trace let us first consider the case of a
Fock state of n polaritons |D,n〉N
|D,n〉N =
(
N
n
)−1/2 N∑
j1<···<jn
∣∣b1 . . . cj1 . . . cjn . . . bN〉. (58)
Tracing over the Nth atom results into
TrN
{
|D,n〉NN〈D,n|
}
=
(
N
n
)−1/2 N−1∑
j1<···<jn
∣∣b1...cj1...cjn...bN−1〉〈. . . ∣∣ (59)
+
(
N
n
)−1/2 N−1∑
j1<···<jn−1
∣∣b1...cj1...cj(n−1)...bN−1〉〈. . . ∣∣
=
N − n
N
∣∣D,n〉
N−1N−1
〈
D,n
∣∣
+
n
N
∣∣D,n− 1〉
N−1N−1
〈
D,n− 1∣∣. (60)
Thus the fidelity of the quantum memory for a Fock state
|n〉 after loss of a single atom is given by
floss(|n〉) = 1− n
N
. (61)
The decrease of the fidelity again scales only as 1/N .
This result could of course have been expected as the n
excitations are equally distributed over all atoms. Thus
removing one reduces the stored information only by the
amount n/N . Generalizing the above result to nondiag-
onal elements leads after some calculation to
TrN
{
|D,n〉NN 〈D,m|
}
=
√
(N − n)(N −m)
N
∣∣D,n〉
N−1N−1
〈
D,m
∣∣
+
√
nm
N
∣∣D,n− 1〉
N−1N−1
〈
D,m− 1
∣∣. (62)
Thus the fidelity after the loss of an atom reads for the
case of a general state:
floss(|ψ0〉) = 1− 1
N
(
〈Ψ†Ψ〉 − 〈Ψ†〉〈Ψ〉
)
+O
(
1
N2
)
.(63)
If the initial storage state corresponds e.g. to a coher-
ent state, the second and third term in (63) compensate
each other and the fidelity differs from unity only in or-
der 1/N2. Here again the robustness of classical states
becomes apparent.
D. Atomic motion
Until now it has been assumed that the atoms used in
the quantum memory are at a fixed position during the
entire storage time. Since the coupling of the atoms to
the quantum as well as control fields contains however
a spatial phase, see eq.(1), atomic motion results in an
effective dephasing and will lead to a reduction of the
fidelity. Recently Sun et al. have argued that inhomo-
geneities of the atom-light interaction strength or in the
control field together with atomic motion lead to an in-
crease of the characteristic decoherence rate by a factor√
N [24]. We thus will analyze the effect of atomic mo-
tion in the following in more detail. To this end we will
follow the approach of subsection III B 3 and describe the
motion by the map of an initially ideal storage state |ψ0〉,
(49), according to
|ψ0〉 → |ψ1〉 =
∑
n
cn
1
n!
(
Ψˇ†(t)
)n|b, 0〉, (64)
where
Ψˇ†(t) = − 1√
N
∑
j
σjbc exp
{
−i∆~k · ~rj(t)
}
, (65)
with ~rj(t) denoting the position of the jth atom at time t
and ∆~k = ~k1− k0~ez is the wavevector difference between
8control field and quantized mode. It should be noted that
(65) is equivalent to a coupling field with inhomogeneous
phase.
To reduce the effect of motion in an atomic vapor one
could either reduce the temperature or use a buffer gas of
sufficient density. In the latter case, which has been used
in room temperature gas-cell experiments [8, 15], the free
motion is replaced by a diffusion. In the following we will
restrict the discussion to this important case. We then
can assume that the phase
∆φj(t) ≡ ∆~k · ~rj(t) (66)
follows a Wiener diffusion process [29]:
d
dt
∆φj(t) = µj(t), (67)
µj(t) = 0, (68)
µj(t)µk(t′) = Dδjkδ(t− t′) (69)
with D being a characteristic diffusion rate. We now
want to show that the decrease in fidelity due to the phase
diffusion is only determined by D and independent of the
number of atomsN . For this it is sufficient to consider an
initial Fock state |n = 1〉. Reexpressing the single-atom
flip operators by collective ones yields
Ψˇ† =
1
N
∑
j
ei∆φj
[
−
N−1∑
l=1
ηjlΦ
†
l +Ψ
†
]
. (70)
With this one finds for an inital Fock state W0 =
|D, 1〉〈D, 1|
W1(t) =
(
Ψˇ†
)
|b, 0〉〈b, 0|
(
Ψˇ
)
, (71)
where the overline denotes averaging over the phase dif-
fusion process. From W1(t) we can calculate the fidelity
of the quantum memory by first tracing over the bright
polaritons and then sandwiching with the original state
|D, 1〉. This yields
fmotion
(
|1〉
)
= 〈D, 1|TrΦ
(
W1(t)
)
|D, 1〉 ,
=
(
1
N
∑
j
ei∆φj
)(
1
N
∑
k
e−i∆φk
)
(72)
=
1
N
+
1
N2
∑
j 6=k
ei∆φj e−i∆φk
=
1
N
(
1 + (N − 1)e−Dt
)
∼ e−Dt.
A generlization to an arbitrary fock state |D,n〉 leads to
a fidelity decay proportional to exp{−nDt}. One recog-
nizes that the atomic motion causes a decay of the fidelity
with a rate given only by the single-atom diffusion rate
D. In contrast to the results of Sun, Yi and You [24]
we find that there is no enhancement of the decay with
increasing number of atoms, which is again due to the
existence of equivalence classes.
IV. NON-ADIABATIC COUPLING AND
DECOHERENCE
In section II it was shown that for the retrieval of a
stored quantum state of light only the reduced density
operator (19) is relevant. For this reason all states of the
system which have the same number of dark state polari-
ton excitations but an arbitrary number of excitations
in the bright state polariton modes belong to the same
equivalence class and lead to the same result, provided
the read-out process is adiabatic. Due to decoherence a
large number of bright state polaritons may be excited
in the system after the storage period. Now the question
arises what happens to these excitations if the read-out
process is not adiabatic. Even if there is only a weak
non-adiabatic coupling between bright and dark state po-
lariton modes it may be sufficient to transfer some of the
unwanted excitations into the dark-polariton mode. We
will show in the following that only the bright-polariton
mode Φ0 can lead to non-adiabatic contributions to the
read-out signal. For this we consider the (imaginary)
interaction Hamiltonian eq.(23) in a rotating frame and
add the coupling of the quantized resonator mode a to
free-space modes bk:
H = −i~g
2N
γ
cot2 θ(t)
N−1∑
l=1
Φ†lΦl + ~
∑
k
κa†bk + h.a.(73)
The equation of motion for the dark-state polariton oper-
ator Ψ = cos θ(t)a− sin θ(t)Σbc, with Σbc =
∑
j σ
j
bc/
√
N
then reads
Ψ˙ = −θ˙(t) sin θ(t) a+ θ˙(t)Σbc + i
~
[
H,Ψ
]
= −θ˙(t)Φ0 + iκ cos θ(t)
∑
k
bk. (74)
Thus the dark-polariton is coupled to the outside modes
bk and the bright-polariton operator Φ0 = sin θ(t)a +
cos θ(t)Σbc only. In a similar way one finds for Φ0 and
the bk’s:
Φ˙0 = θ˙(t)Ψ, (75)
b˙k = iκ a
= iκ cos θ(t)Ψ + iκ sin θ(t)Φ0. (76)
One recognizes that {Ψ,Φ0, bk, } are a closed set of cou-
pled operators even if non-adiabatic corrections in the
read-out proportional to θ˙(t) are taken into account.
Thus only decoherence induced excitations generated in
Φ0 will influence the read-out signal, all the other N − 1
bright polariton modes remain uncoupled from the stor-
age systems.
V. SUMMARY
In the present paper we have studied the influence of
individual decoherence processes on the fidelity of a quan-
tum memory for photons based on ensembles of atoms.
9Despite the fact that the atomic storage states corre-
sponding to non-classical states of the radiation field are
entangled many-particle states, the system shows no en-
hanced sensitivity to decoherence as compared e.g. to
single-atom storage systems, if it is caused by a coupling
of the atoms to individual and independent reservoirs.
This is due to the existence of equivalence classes of stor-
age states corresponding to the excitations of only one
eigenmode of the system, the dark-state polariton. It
was shown that all states with equal reduced density op-
erator after tracing out the N bright-polariton modes re-
produce the same quantum state of light in the read-out
process. For similar reasons no stringent requirements
for preparation of the atomic system before the storage
exist. It is sufficient that the number of atoms remaining
in the storage level |c〉 after preparation of the ensemble
is small compared to the total number of atoms, which
can easily be achieved by optical pumping. It was shown
moreover that the loss of an atom from the sample causes
only an error of the order of 1/N . Motion of atoms dur-
ing the storage time causes an effective dephasing and
thus leads to a decrease in fidelity. It was shown, how-
ever, that the corresponding error is independent on the
number of atoms, which is in contrast to the result of
[24]. Finally since non-adiabatic effects only couple one
of the bright polariton modes to the dark-polariton, the
potentially large number of excitations in the N bright-
polariton modes caused by decoherence processes does
not leak into the read-out signal in a significant amount
even if the read-out process is not adiabatic.
The present paper proves that atomic ensembles are
suitable systems for the storage of quantum states of the
radiation field even in the presence of non-cooperative
decoherence processes. It should be noted that this con-
clusion does however not apply to the quantum gate be-
tween stored photonic qubits based on dipole blockade
proposed in [25] nor to the photon detection scheme sug-
gested in [26].
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